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Goal of this talk 

Give context for breakout session on ice dynamics and 
physics1 by suggesting areas where we are doing: 

 (1) good enough1 

 (2) OK and the route to improvement is clear 

 (3) poorly and the route to improvement is unclear 

For those interested in ice dynamics & physics: 

 - note where you agree / disagree and why 

 - note what I have missed 

 - bring suggestions / complaints to breakout session2  

1to be defined …     23:00 pm, Jemez room 



Goal of ice dynamics breakout session 

provide list of dynamics & physics to be included in the ideal 
ice sheet model & prioritize by: 

 (1) importance 
 (2) how easy / difficult a problems is 
 (3) who can / will work on which problems 

for (2), (3) … 
 - decide what to do with difficult but high-priority problems  
 - identify where there is insufficient expertise / manpower  
 … these are areas to focus future research / grad student 

 efforts and/or to seek additional collaborators   



Terminology 

Dynamics = equations of motion 

Physics = everything else 

For convenience … 

 (1) consider all conservation eqns. with dynamics 

 (2) divide physics into: 

  - boundary conditions 

  - ice physics 

  - physical processes 



What do we mean by “good enough”? 

Myth: GCM’s were perfect from the start 

“dirty words” - flux adjustment, overflow parameterization 
 … = model failings that were/are honestly acknowledged and 

   fixed as best as possible for the time being 

glaciological dirty words - isotropic flow law,   
 enhancement factor, viscous sliding law … etc. 

another goal: Avoid being paralyzed at early stages by (what 
seem like) major failings. Identify and acknowledge these 
failings, delegate them, and move on. 



Outline 

  introduction 

  conservation of momentum 
  conservation of energy 

  conservation of mass 

  boundary conditions 

  ice physics 

  physical processes 

  other 



  

x̂ :
∂τ xx

∂x
+
∂τ xy

∂y
+
∂τ xz

∂z
−
∂P
∂x

= 0, ẑ :
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Equations of motion 

(1) Full Stokes1 (u, v, w, P) 

(2) 1st-order SIA2 (u, v) 

(3) 0-order SIA3 (u, v) 

1ELMER     2Blatter/Pattyn     3GLIMMER 

… L > H … … L >> H … 



Equations of motion (cont…) 

(4) Depth integrated 1st-order - SSA; shelf w/ basal traction 

(5) Hybrid in horizontal - (3) and (4) - SSA “glued” to SIA 

(6) Hybrid in vertical - (3) and (4) - SIA w/ sliding via SSA1 

(7) Other “higher-order” schemes (?) 

Here, will mainly consider which of (1)-(3) is most appropriate 
to start with (FS, 1-st order, or 0-order SIA) 

1Bueler and Brown (submitted) 



Schafer et al. (TCD) 

0-, 1st-order SIA vs. FS 

meters meters 



Pattyn et al. (TC, 2008) 

1st -order SIA vs. FS (no slip) 



Balance Velocities 
2.5 km DEM 

Bamber et al. (J.Glac., v.46, 2000) Bamber et al. (Ann.Glac., v.30, 2000) 

Surface Speed  
(no sliding ) 

0-order model 
20 km DEM 



Bamber et al. (J.Glac., v.46, 2000) 

Balance Velocities 
2.5 km DEM 

Surface Speed  
(no sliding ) 

1st-order model 
20 km DEM 



Balance Velocities 
2.5 km DEM 

(Bamber et al. (J.Glac., v.46, 2000) 

Suface Speed, 
0-order model 

20 km DEM 

(Bamber et al., Ann.Glac., v.30, 2000) 

Surface Speed  
(no sliding ) 

1st-order model 
5 km DEM 



CPU time1 (approx.) 

SIA HO FS 

Diagnostic 1 
(0.06 sec) 

~102 ~104 

Prognostic 1 
(0.3 sec) 

~103 ~104 

1Schafer et al. (TCD) 
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Conservation of energy 

We can solve either the … 
 (1) heat equation, or 

 (2) enthalpy equation (?) 

Historically, we have solved (1). Are there reasons for
 solving (2) instead? 

Assuming that we initially stick w/ solving (1) … 



Conservation of energy 

� 

ρc
∂T
∂t

= ∇⋅ k∇T( ) − ρcu ⋅∇T + σ ij ˙ ε ij

Generally, horiz. diffusion terms are neglected … 

� 

ρc
∂T
∂t

=
∂
∂z

k
∂T
∂z

⎛ 
⎝ 

⎞ 
⎠ − ρcu ⋅∇T + σ ij ˙ ε ij

(1) explicit treatment of advection terms (e.g. up-winding) 
(2) tridiagonal solve of diffusive term (cheap)  
(3) simplification of horiz. boundary conditions 

(1) and (2) lead to fast solution and ease of parallelization. Are
 we missing anything1 by neglecting horiz. diffusion? 

1e.g. temperature diffusion across shear margins 
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Conservation of mass 

� 

(1) ∂H
∂t

= −∇⋅ u H( ) + ˙ b − ˙ m 

Historically, (1) is re-written as diffusion equation … 

� 

(2) ∂H
∂t

= ∇⋅ D∇s( ) + ˙ b − ˙ m 

…but this really only applies to 0-order SIA. 

Eqn. (1) can be written as sum of diffusive & advective
 terms. Diffusivity must be defined to split total flux. 

For HO models, we have u … does soln. to Eqn. (1) require
 a diffusive component? Should we treat (1) with
 (numerous, cheap, accurate) up-winding schemes? 
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Dynamic Boundary Conditions 

surface: continuous traction 

Margins:  
   grounded - 0 flux (?); small ice cliff (?) 
   floating - stress at ice front balance by hyd. pressure 
  2d (flowline) version --> …  
  3d version? 

Bed: 

 (1) frozen, no slip: 

 (2) sliding w/ specified basal traction: 

 (3) sliding w/ specified basal yield stress: 

� 
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4
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Dynamic Boundary Conditions (bed) 

Note that all three basal bcs can be captured                    
 by B2 type sliding law: 

(1) no slip 

(2) sliding, specified traction 

(3) sliding, specified yield stress1,2 

� 

B2 >> τ b →  u << 1

B2 << τ b →  u >> 1

� 

B2ui =
τ 0

ui−1
2 + vi−1

2 + γ 2
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ ui

� 

τ b = B2u

1Schoof,  2Bueler 



7 kPa 

6 kPa 

5 kPa 

Sliding with specified basal yield stress (1st order model) 



Dynamic Boundary Conditions (bed) 

Assuming B2 sliding law, where does B2 (or 0) come
 from? 

(1) inverse methods : good enough for decadal runs? 

(2) basal processes model : needs to be initialized; many 
      free parameters 

(3) both (1) and (2) : initial / short-term (1); longer term (2) 



Bamber et al. (J.Glac., v.46, 2000) 

Balance Velocities 
2.5 km DEM 

Suface Speed, 
1st-order model 

10 km DEM 

Surface Speed  
(w/ tuned sliding ) 
1st-order model 

10 km DEM 



Temperature Boundary Conditions 

Surface: specified mean annual temperature 

                   … firn effects important? 

   … sub-annual resolution needed? 

Margins: not needed (if considering vert. diff. only) 

Bed: specified geothermal flux 

   … importance of spatial variability? 

   … importance of a “standard” for Hbedrock? 



Thickness Boundary Conditions 

? 
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Ice Physics 

(1)  isotropic flow law 

(2) anisotropic flow law 

(3) special rheology (e.g. basal ice, shear margins) 



Ice Physics 

(1) isotropic flow law 

 (i) is Glenn’s law w/ n=3 “good enough”? 

 (ii) is Glenn’s law w/ possibility of 1n4
 needed1 ? 

 (iii) n=3 (normal), n=1 (low stress/strain) needed2 ?  

Note: (ii),(iii) require specification of additional
 parameters (e.g. (iii) requires knowledge of “cross
-over stress”), which may be known at isolated
 field sites or not at all. 

1Goldsby & Kohlstedt (2001),    2Pettit (2003) 



1Wang and Warner (1999) 

Ice Physics 
(2) anisotropic flow law 

Simplified (2d) methods1 of accounting for anisotropy
 calculate scalar E(x,z) from stress components,
 assuming steady state. 

More complicated versions will require knowledge of prior
 stress/strain states (memory considerations?) 

Latter will be an initialization nightmare, possibly only
 treatable with very long spin-up 



Ice Physics 
(2) anisotropic flow law 

Anisotropy important for modeling flow at nearly every
 location where it has been studied in detail            
 (SDM, Byrd, Law Dome and Dome Fuji flowlines) 

101-102 m thick layer of coarse-grained (re-xstallized) ice at
 bed underlying similar thickness of c-axis-oriented ice,  
 observed/inferred at multiple locations in Ant. (list
 above) 

In addition to affecting flow field, important effects on
 evolution of layer thickness, temperature field, etc.



Ice Physics 
(3) special rheology 

basal ice: may be relatively softer or stiffer, depending on
 impurity content, impurity size, crystal size and
 orientation, water content, etc.  

 - Parameterize? Submodel? How well constrained?  

shear margins: softer at depth due to x-stal orientation and
 strain heating, but stiffer near surface due to ponding of
 cold air in shear margins.  

 - How important are these competing effects to the bulk flow field?  

 - How to handle if / when at sub-gridscale?   
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-  (2,2,0) Full stokes  
-  (1,2,0) Higher-order 
-  Unsteady full stokes? 
-  (1,1,2) ice shelf buttressing 

-  (2,2,2) Rheolgy ( n >> 3, n << 3) 
-  (3,2,3) Damage evolution 
-  (3,2,3) Anisotropy 
-  (2,2,3) Polythermal ice  

-  (3,1,2) isostacy 

-  (1,1,2/3) Spatially variable geothermal flux; lithosphere thickness 
-  (1,1,2) Melting rate under ice shelves (BC) 
-  (1,2,2) Calving 
-  (1,2,3) Till evolution 
-  (1,1,3) Generic basal bc evolution 
-  (3,2,3) Sediment transport / erosion 
-  (2,1,1) Improved surface (energy) mass balance schemes; Accumulation patterns / redistribution  

-  (2,1,3) Crevasse formation (rift; ice shelf related) 
-  (1,2,3) Basal hydrology (related to dynamics) 
-  (1,1,3) Surface and englacial hydrology (params?) 
-  (2,1,3) Shear margin migration 
-  (1,3,2) Grounding lines  

-  (2,3,0) Adjoint model development 
-  (1,2,2) Model initialization 



Other 
Another incomplete list … 

(1) grounding lines - can we get “reasonable” behavior on
  structured, 3d grids w/o “waiting for Schoof”? Partial grid
 cell techniques? 

(2) Ice streams and shear margin resolution - speed as function
 of width has implications for grid resolution (e.g. stream
 widening leading to “jumps” in speed) 

(3) polythermal ice - importance? ease of implementation?  

(4) structured vs. unstructured grids - will former always save
  on computation time? Is high resolution needed
 everywhere? 



Assessment: Dynamics (cons. laws) 

momentum conservation - good; FS or HO; latter good  
 enough for now; hurdles are mostly technical                     
 (e.g. parallelization) 

energy conservation - good; need to consider whether or  
 not omitting horiz. diff. is ok. Enthalpy vs. heat   
 equation? 

mass conservation - ok; could stand improvement   
 w.r.t. understanding why / how we solve gov. equation, 
 but no major roadblocks anticipated (methods exist) 

OVERALL GRADE:   B + 



Assessment: boundary conditions 

dynamics - ok; good enough to start with, but work needed  
 on basal bc (e.g. how to link to other important   
 variables, e.g. basal / sfc water) 

heat - ok; variable geo. flux an important improvement? 

mass - ? 

OVERALL GRADE:   B - 



Assessment: ice physics 

Good enough to start with, but need work on: 

 - clarifying relative importance of n  3 

 - clarifying relative importance of anisotropy 

 - for the above, how common are they? where / when? 

 - need simple ways of accounting for anisotropy and   
 special rheology (e.g. calculating E(x,y,z,t) ) 

 - need more detailed, physics-based models to assess 
  importance … who is working on these and can  
 we partner with them? 

OVERALL GRADE:   C 



Assessment: physical processes and other 

For most of these, we are doing poorly, with limited models, 
poorly tested / validated / constrained parameterizations, or 
nothing at all.  

We don’t even have a good sense for the importance of most 
of these. 

Many of these affect the basal boundary condition, and so can 
be expected to affect the flow in areas of sliding. 

Process-scale modelling, parameterization development and 
testing should be a major focus of future efforts.  

OVERALL GRADE:   D - 



Summary 

 conservation of momentum 

 conservation of energy 

 conservation of mass 

 boundary conditions 

 ice physics 

 physical processes 

 other 

good (have a handle on these) 

ok (but room for improvement) 

bad (need major help here) 
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Reduced-Order Approximations (scaled) 

1st-order SIA: Red omissions (l2) 
0-order SIA: Red + Blue omissions (l, l2)  
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“Sliding” over a plastic bed1,2 
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1Schoof (J.Fluid.Mech., 556, 2006); 2Bueler et al. (EGU, 2007); 





After Schafer et al. (TCD) 

prog. (50a) diag. 

prog. (100a) 

0-, 1st-order SIA vs. FS 



Pattyn et al. (TC, 2008) 

1st -order SIA vs. FS (sliding) 



Solution Methods: cost evalution 

accuracy vert.  
cont. 

horiz. 
cont. 

expense score 

(1) 3 3 3 1 10 
(2) 2-3 3 3 2 11 
(3) 1 3 1 3 8 
(4) 2 1 3 1-2 8 
(5) 1-2 2 2 2 8 
(6) ? 2 2 2 ? 



ELMER1,2 - full Stokes, FEM 

- linear rheology, isothermal 
-  diagnostic solution only 
-  10 km grid, 10 layers in vertical 

For ~10 processors … 
-  minutes per solve for n=1 
-  hours per solve for n=3 

1Calculation by Ralph Greve; 
2Figure and calculation details courtesy of Thomas Zwinger (Scientific Computing Ltd., Finland)  



For HO models: 

 (i) Is there a non-ad hoc way to define D in (2)? 

 (ii) Is there any reason not to treat (1) as
    a transport equation? 

 (iii) Is “diffusive” behavior in (2) already captured 
  entirely by u in (1)? 

Is diffusive treatment of (1) something to replace with
 (numerous, cheap, accurate) up-winding scheme? 

Conservation of mass 

� 

(1) ∂H
∂t

= −∇⋅ u H( ) + ˙ b − ˙ m 

� 

(2) ∂H
∂t

= ∇⋅ D∇s( ) + ˙ b − ˙ m 


